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general expression for the stress:0020-7
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E-mr ¼ rðe; ns; nT; TÞ ð1Þ
where e is the total strain, ns is the stress-induced martensite volume fraction, nT is the temperature-induced martensite vol-
ume fraction and T is the absolute temperature. Differentiating (1) leads to:dr ¼ or
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dT or dr ¼ DdeþXsdns þXTdnT þHdT ð2Þwith:Dðe; ns; nT; TÞ ¼
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ð3ÞOriginally in Brinson (1993), the second of Eq. (2) was integrated for the case of constant material functions leading to:r r0 ¼ Dðe e0Þ þXsðns  ns0Þ þHðT  T0Þ ð4Þ
Basic material behavior was applied to deﬁne the constant Xs, giving:r r0 ¼ Dðe e0Þ  DeLðns  ns0Þ þHðT  T0Þ ð5Þ
where eL is the maximum transformation strain. A further derivation was provided to consider the case of material proper-
ties (speciﬁcally, D) that are a function of martensite volume fraction. Particularly, a Voigt type dependence for the elastic
modulus was assumed:DðnÞ ¼ Da þ nðDm  DaÞ ð6Þ
where n is the total martensite volume fraction, Da is the austenite elastic modulus and Dm is the martensite elastic modulus.
At this point, it was incorrectly assumed that the function Xs depends only on n which led to:XsðnÞ ¼ eLDðnÞ with XTðnÞ ¼ 0 ð7Þ
Following through, the differential form (2) was integrated with these non-constant material functions and basic boundary
conditions were applied to determine the integrated form as:683/$ - see front matter  2008 Elsevier Ltd. All rights reserved.
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or using the form of Xs:r r0 ¼ DðnÞe Dðn0Þe0  eLDðnÞns þ eLDðn0Þns0 þHðT  T0Þ ð9Þ
While the integrated form (9), known as the Brinson SMA model, was extensively tested and remains correct, as Buravalla
and Khandelwal (2007) have noticed, the extrapolated differential form (substituting (6) and (7) into (2)) violates the com-
patibility condition for the stress:o2r
onsoe
¼ o
2r
oeons
ð10ÞIndeed, from Eqs. (2) and (3) with the assumptions (6) and (7), we obtain directly:o2r
onsoe
¼ oD
ons
¼ ðDm  DaÞ
" #
–
o2r
oeons
¼ oXs
oe
¼ 0
" #
ð11ÞTherefore, as suggested by Buravalla and Khandelwal a different expression for the function Xs should be assumed to satisfy
the compatibility condition (10), which for the D(n) deﬁned in Eq. (6) is:Xsðe; ns; nTÞ ¼ ðe eLnsÞðDm  DaÞ  eLDðnÞ ð12Þ
Similarly the function XT also needs to be redeﬁned and precisely must be:XTðe; ns; nTÞ ¼ ðe eLnsÞðDm  DaÞ ð13Þ
These expressions respect the remaining compatibility conditions for the stress:o2r
onToe
¼ o
2r
oeonT
;
o2r
onTons
¼ o
2r
onsonT
ð14ÞHowever, in their paper Buravalla and Khandelwal have erroneously not retained the internal variables ns and nT in their dif-
ferential form (see their Eq. (6)) by assuming:dr ¼ DdeþXdnþHdT ð15Þ
The separation of the martensite fraction into stress-induced and temperature-induced forms is essential to the success of
the Brinson model for the entire phase diagram, is mathematically required and must be rigorously maintained, resulting in
(2) as the governing differential form. In fact, when the full range of the kinetic phase diagram is considered, ðe; n; TÞ is not a
set of independent state variables, i.e. they cannot uniquely deﬁne the thermodynamic state of the system. For instance, the
two sets of internal variables ðe; ns ¼ 1; nT ¼ 0; TÞ and ðe; ns ¼ 0; nT ¼ 1; TÞ have the same values of ðe; n; TÞ but they obviously
correspond to two different thermodynamic states with different values of the stress r. Thus, r cannot be mathematically
expressed as a function of ðe; n; TÞ and it is incorrect to assume the differential form (15) and the existence of a single material
functionXðe; nÞ ¼ oron, as was done by Buravalla and Khandelwal (2007). In this regard we note that the paper by Buravalla and
Khandelwal (2007) is inconsistent in their derivation, in that their expression postulated for X cannot be substituted into
their differential form (their Eq. (8), or their Eq. (6)) as stated to obtain their Eq. (20). Indeed, by introducing Buravalla
and Khandelwal’s expression for X from their Eq. (19) into their Eq. (6) (our Eq. (15) above) one obtains:dr ¼ DðnÞde eLDðnÞdns  eLDðnÞdnT þ ðe eLnsÞðDm  DaÞdnþHdT ð16Þ
while their ﬁnal differential form of the constitutive model is stated as (their Eq. (20)):dr ¼ DðnÞde eLDðnÞdns þ ðe eLnsÞðDm  DaÞdnþHdT ð17Þ
The omission of the term ðeLDðnÞdnTÞ from their Eq. (20) cannot be mathematically justiﬁed and arises from the fact that the
starting equation of their formulation is incorrect and therefore necessitates an additional algebraic error to achieve the right
ﬁnal result.
Moreover, the authors do not detail a rigorous method to determine their expression for X (their Eq. (19)). Although a
Taylor series expansion is mentioned, no detail is given on how to determine the coefﬁcients of this Taylor expansion. It ap-
pears to us that the expression for X was found a-posteriori.
Here, we assume the correct form (2) of the differential form of the Brinson’s model and we show that indeed it is possible
to integrate Eq. (2) without making any assumption on the functions Xs and XT. In this process we reafﬁrm the correct inte-
grated form of the constitutive law (9) and ultimately obtain the general, consistent forms for Xs and XT and thus the cor-
responding consistent differential form of the constitutive law. We only assume, as was originally postulated, that the
modulus depends on the total phase fraction only, thus:or
oe
¼ DðnÞ and as is customary : or
oT
¼ H ð18Þwith H being a material constant. From the ﬁrst of Eqs. (18) and (1) we obtain:
1 Not
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where w1 is an arbitrary function of ðns; nT; TÞ and k1 an arbitrary constant. By introducing Eq. (19) into the second of Eq. (18)
we obtain:ow1
oT
¼ H) w1ðns; nT; TÞ ¼ HT þ w2ðns; nTÞ þ k2 ð20Þwith w2 an arbitrary function of ðns; nTÞ and k2 an arbitrary constant. Then, Eq. (19) can be rewritten as:
rðe; ns; nT; TÞ ¼ DðnÞeþHT þ w2ðns; nTÞ þ k3 ð21Þwith k3 ¼ k1 þ k2. Applying the initial condition ðr0; e0; ns0; nT0; T0Þ one can calculate the arbitrary constant:
k3 ¼ r0  Dðn0Þe0 HT0  w2ðns0; nT0Þ ð22ÞTherefore, Eq. (21) reads as:r r0 ¼ DðnÞe Dðn0Þe0 þHðT  T0Þ þ w2ðns; nTÞ  w2ðns0; nT0Þ ð23Þ
To solve for w2, we consider a typical case of residual strain upon unloading. Thus, we take the initial state for Eq. (23) as
(r0 ¼ e0 ¼ ns0 ¼ 0 with any nT0, T0Þ and a ﬁnal state of (r ¼ 0 with any T, ns, nTÞ. For this case, we know from physical con-
siderations that the ﬁnal residual strain must be e ¼ eLns þ ethermal, where ethermal is the strain produced by thermal expansion.
By replacing these initial and ﬁnal conditions into Eq. (23) we obtain:0 ¼ DðnÞeLns þ DðnÞethermal þ w2ðns; nTÞ  w2ð0; nT0Þ þHðT  T0Þ ð24Þ
From which we can determine the following expression for the function w2:w2ðns; nTÞ ¼ DðnÞeLns þ w2ð0; nT0Þ  DðnÞethermal HðT  T0Þ ð25Þ
Since w2 cannot explicitly depend on T, we obtain:ethermal ¼  HDðnÞ ðT  T0Þ and w2ðns; nTÞ ¼ DðnÞeLns þ w2ð0; nT0Þ ð26ÞFinally using the second of (26)1 to also calculate w2ðns0; nT0Þ and substituting into Eq. (23) we obtain again the integrated form
(9) of the constitutive equation:r r0 ¼ DðnÞe Dðn0Þe0  DðnÞeLns þ Dðn0ÞeLns0 þHðT  T0Þ ð27Þ
Note that this integrated form remains correct and consistent as originally derived. Now, by differentiating Eq. (27)2 using (3)
to determine the coefﬁcients, the relevant differential constitutive Eq. (2) can be found as:dr ¼ DðnÞdeþ ðe eLnsÞ
oDðnÞ
ons
 eLDðnÞ
 
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XT
dnT þHdT ð28Þwhere this form is now valid for general forms of DðnÞ. Using the speciﬁc Voigt model from (6), (28) reduces to:
dr ¼ DðnÞdeþ ½ðe eLnsÞðDm  DaÞ  eLDðnÞ|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
Xs
dns þ ½ðe eLnsÞðDm  DaÞ|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
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dnT þHdT ð29Þin which Xs and XT correspond to the expressions from Eqs. (12) and (13).
We want to highlight that in our subsequent papers only the correct integrated form (Eq. (9) or (27)) has been used. Addi-
tionally this correct form has been successfully and extensively used in the literature. Moreover, in a later paper (Brinson and
Huang, 1996) we showed that the integrated constitutive law, Eq. (27), can be further simpliﬁed due to the telescoping prop-
erty of this constitutive law to:r ¼ DðnÞðe eLnsÞ þHðT  T0Þ ð30Þ
and this is indeed the most physically signiﬁcant and appropriate form of our 1-D SMA constitutive model since it can be
written in terms of strain decomposition as:e ¼ r
DðnÞ þ eLns þ
H
DðnÞ ðT0  TÞ ð31Þwhich offers the following physical interpretation:e that the second of Eq. (26) can also be obtained without the thermal strain calculation if the initial and ﬁnal conditions use T ¼ T0; this assumption
d in the original 1993 paper as well as in Buravalla and Khandelwal (2007), however it is not necessary.
Eq. (30), which is simpler, but equivalent.
220 L.C. Brinson, M. Panico / International Journal of Solids and Structures 46 (2009) 217–220e ¼ eelas þ etransf þ ethermal ð32Þ
where the total strain is decomposed in three contributions deriving frommaterial elasticity, phase transformation and ther-
mal effects, respectively.
Another issue of possible importance is that in view of recent experimental results (Rajagopalan et al., 2005) the marked
difference between the elastic modulus of austenite ðDaÞ and martensite phase ðDmÞ (often assumed to be approximately a
factor of 3) appears to be debatable. These authors showed that the martensite elastic modulus macroscopically measured by
extensometry is affected by a small amount of variant reorientation which happens at very low levels of stress, prior to the
stress-plateau. Therefore, the modulus measured in experiments is an apparent modulus lower than the real martensitic
crystal lattice modulus which instead can be determined by means of neutron diffraction (i.e. measuring in situ the average
response of lattice planes) (Rajagopalan et al., 2005; Vaidyanathan et al., 1999). Indeed, we observed similar early transfor-
mations prior to the stress-plateau using optical microscopy (Brinson et al., 2004). Whether it is best to account for such
early variant reorientations in constitutive modeling via an artiﬁcial reduction of the martensitic elastic modulus or via a
secondary strain term has not yet been discussed.
Finally, moving beyond the one-dimensional modeling, we have recently proposed (Panico and Brinson, 2007) a three-
dimensional phenomenological model which accounts for evolution of both stress-induced and temperature-induced mar-
tensite. Similar to the Brinson model discussed here, wherein the separation of the martensite fraction into oriented and self-
accommodated portions was key, this new 3D model is also able to capture the reorientation process of martensite variants
according to the loading direction. In our work we proved that by appropriately choosing the material parameters this model
can effectively reproduce the stress-temperature phase kinetics diagram typical of the SMA one-dimensional mechanical
behavior. Therefore, this new 3D model can be applied as an efﬁcient design tool for both one-dimensional structures
and more complex three-dimensional analysis conditions.
In summary, for one-dimensional SMA modeling, an inconsistency was found by Buravalla and Khandelwal (2007) in the
differential form of the original Brinson model of 1993. While we are grateful for their diligence, their paper also contained
inconsistencies. Thus we use this opportunity to present complete and consistent derivations of both integrated and differ-
ential forms of the Brinson 1D SMA constitutive model in this response. We wish to stress that all previous and existing
applications of the integrated form of the Brinson constitutive law have been and remain correct. For future work with
one-dimensional modeling, the constitutive law in integrated form (optimally, the collapsed form in Eq. (30)) or the differ-
ential form (Eq. (28) or (29)), can be invoked in conjunction with the appropriate transformation kinetics for evaluation of ns
and nT. Robust kinetics, signiﬁcantly improved from the original paper, are discussed in Bekker and Brinson (1998) and Gao
et al. (2007).
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